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A
Absolute viscosity, 294
Active zone, 468
Adjoint, 452
Admissible functions, 132
Air, 294
ALGOR, 12
Amplitude, 389, 391
Amplitude ratio, 396
ANSYS, 12
Applications

fluid mechanics, 293–326. 
See also Fluid mechanics

Galerkin’s method (beam 
element), 149–152

Galerkin’s method (spar 
element), 148–149

heat transfer, 222–292. 
See also Heat transfer

solid mechanics, 327–386. 
See also Solid mechanics

Area coordinates, 179–181
Aspect ratio, 194
Assembly of global stiffness 

matrix, 61–67
Associative, 449
Automeshing, 374–375
Automeshing software, 374
Axial strain, 357
Axial stress, 113, 120
Axisymmetric elements, 202–206
Axisymmetric heat transfer, 271–276
Axisymmetric problems, 202
Axisymmetric stress analysis, 356–364

B
Back substitution, 469
Backward difference method, 283–284
Backward sweep, 469
Bandwidth, 319
Bar element, 19, 31–38
Bar element consistent mass 

matrix, 402–407
Bar element mass matrix 

(two-dimensional truss 
structures), 434–441

Beam cross sections, 92
Beam elements, 407–412
Beam theory. See Flexure elements
Bending stress, 113, 120
Blending functions. See Interpolation

functions
Body force

axisymmetric stress 
analysis, 362–363

equilibrium equations, 461
plane stress, 379

Book, overview, 16–17
Boundary conditions

axisymmetric heat transfer, 275
defined, 1
one-dimensional conduction with

convection, 213
stream function, 300–304
torsion, 377
truss structures, 67–68
two-dimensional conduction with

convection, 240–253
Boundary value problems, 1
Boyle’s law, 293
Brick element, 191–193

C
C0-continuity, 163
C1-continuity, 163
Cn-continuity, 163
Calculus of variations, 45
Capacitance matrix, 278, 279
Castigliano’s first theorem, 40–44
Central difference method, 284–285
Chain rule of differentiation, 272, 274
Characteristic equation, 395
Circular frequency, 389
Coefficient matrix, 452
Cofactor matrix, 452
Cofactors, 451
Column matrix, 447
Column vector, 447
Commutative, 449
Compatibility, 165
Compatibility conditions, 24
Complete polynomial, 174

Complete structure, 21
Completeness, 166
Compressible flow, 293
Compressible flow analysis, 295
Computer software

ALGOR, 12
ANSYS, 12
aspect ratio, 194
automeshing software, 374
conductance matrix, 240
COSMOS/M, 12
damping, 432
FEPC software, 473–475
fluid elements, 323
indication of failure, 371
pressure on transverse face 

of beam, 152
problems for computer 

solution, 476–487
reaction equations, 241
structural weight, 394–395
three-dimensional heat transfer, 270
transient dynamic response, 434

Conditionally stable, 434
Conductance matrix, 240–242
Conformable for multiplication, 449
Conservative force, 45
Consistent capacitance matrix, 278
Consistent mass matrix, 404, 414
Constant acceleration method, 432
Constant parameter mapping, 196
Constant strain triangle 

(CST), 179, 330–333
Constitutive equations, 458
Constraint equation, 25
Continuity equation, 295, 296
Convection, 227
Convective inertia, 315
Convergence

compatibility, 165
displacement of tapered cylinder, 4–6
isoparametric quadrilateral 

element, 355
mesh refinement, 164–165
MWR solution, 137–138
structural dynamics, 442
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COSMOS/M, 12
Coupling, 417
Cramer’s rule, 350, 463–465
Creeping flow, 315
Critical damping coefficient, 426
Critically damped, 426, 427
CST, 179, 330–333
Curved-boundary domain, 4
Cyclic frequency, 392

D
Damped natural circular frequency, 427
Damping, 424–432

critical damping coefficient, 426
matrix, 428
over/underdamped, 426, 427
physical forms, 424
ratio, 426
Rayleigh, 430, 432
software packages, 432
structural, 428

Damping matrix, 428
Damping ratio, 426
Dashpot, 425
Deflected beam element, 92
Degrees of freedom

calculating, 3
dynamics, 443
many degrees-of-freedom 

system, 398–402
master, 443
N degrees-of-freedom system, 402
two degrees-of-freedom system, 395

DET, 369–371
Determinant, 450–451
Diagonal matrix, 419, 420, 448
Differential equation, 388, 390
Differential equation theory, 8
Dirac delta, 260
Direct assembly of global stiffness

matrix, 61–67
Direct stiffness method, 53, 63
Direction cosines, 61
Displacement, 6, 12
Displacement method, 12
Distortion energy theory 

(DET), 369–371
Distributed loads, work 

equivalence, 106–114
Dot notation, 295
Double subscript notation 

(shearing stresses), 459n
Double-dot notation, 404

Dynamic analysis. See Structural
dynamics

Dynamic degrees of freedom, 443

E
Eigenvalue problem, 397
Eigenvector, 402
Eight-node brick 

element, 191–193, 367
Eight-node rectangular element, 186
Elastic bar element, 31–38
Elastic coupling, 417
Elastic failure theory, 369–371
Element capacitance matrix, 278
Element conductance matrix, 242
Element coordinate system, 20
Element damping matrix, 428
Element displacement location 

vector, 66
Element free-body diagrams, 55
Element load vector, 102–106
Element stiffness matrix, 21–22
Element transformation, 58–61
Elementary beam theory, 91–94
Elementary strength of materials

theory, 150
Element-node connectivity table, 66
Elements (matrix), 447
Element-to-system displacement

correspondence, 104
Energy dissipation, 424. 

See also Damping
Equation

characteristics, 395
compatibility, 461–462
constitutive, 458
constraint, 26
continuity, 295, 296
equilibrium, 460–461
frequency, 395, 417
Laplace’s, 298
Navier-Stokes, 315
nodal equilibrium, 53–58
one-dimensional wave, 403

Equations of elasticity, 455–462
compatibility equations, 461–462
equilibrium equations, 460–461
strain-displacement

relations, 455–458
stress-strain relations, 458–460

Equations of motion, 412–418
Equipotential lines, 304
Equivalent stress, 370

Equivalent viscous damping
coefficient, 428

Euler’s method, 280
Exterior nodes, 2

F
Failure theories, 369–371
FEA. See Finite element 

method (FEM)
FEA software. See Computer

software
FEM. See Finite element

method (FEM)
FEPCIP, 473
FEPCOP, 473
Ferris wheel, 297
Field, 1
Field problems, 1
Field variables, 1
Fillet radius, 485
Finite difference method

backward difference 
method, 283–284

central difference method, 284–285
finite element method, 

compared, 7–10
forward difference method, 280
key parameter, 285
time step, 279, 285
what is it, 279

Finite element, 2, 12
Finite element analysis (FEA). 

See Finite element method (FEM)
Finite element formulation

axisymmetric heat transfer, 273–276
axisymmetric stress 

analysis, 359–360
general three-dimensional stress

analysis, 365–368
one-dimensional conduction with

convection, 227–230
plane stress, 330–333
stream function, 299–300
torsion, 378
two-dimensional conduction with

convection, 236–240
Finite element method (FEM)

basic premise, 19
defined, 1
exact solutions, compared, 4–7
examples, 12–15
finite difference method, 

compared, 7–10
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Finite element method—Cont.
historical overview, 11–12
how does it work, 1–4
objective, 164
postprocessing, 11
preprocessing step, 10
solution phase, 10–11

Finite Element Method Primer 
for Mechanical Design, 
A (Knight), 473

Finite element method software. 
See Computer software

Finite Element Personal Computer
(FEPC) program, 473

First derivative, 279
First theorem of Castigliano, 40–44
Flexibility method, 12, 52
Flexure element stiffness 

matrix, 98–101
Flexure element with axial 

loading, 114–120
Flexure elements, 91–130

element load vector, 102–106
elementary beam theory, 91–94
flexure element stiffness 

matrix, 98–101
flexure element with axial 

loading, 114–120
general three-dimensional beam

element, 120–124
stress stiffening, 114
2-D beam (flexure element), 94–98
work equivalence (distributed 

loads), 106–114
Flexure formula, 150
Flow net, 304
Flow with inertia, 321–323
Fluid, 293
Fluid mechanics, 293–326

continuity equation, 295, 296
incompressible viscous 

flow, 314–323
incompressible/compressible

flow, 293
Laplace’s equation, 298
literature, 323
rotational/irrotational flow, 296–297
software packages, 323
Stokes flow, 315–321
stream function, 298–304
velocity potential function, 304–314
viscosity, 293–295
viscous flow with inertia, 321–323

Fluid viscosity, 293–295

Forced convection, 227
Forced response, 393
Forced vibration, 392–393
Forcing frequency, 393
Forcing functions, 452
Formal equilibrium approach, 53
Forward difference scheme, 280
Forward sweep, 469
Fourier’s law

axisymmetric heat transfer, 274
one-dimensional conduction with

convection, 228
three-dimensional conduction with

convection, 267
two-dimensional conduction with

convection, 237–240
Fourier’s law of heat conduction, 153
Four-node quadrilateral element, 195
Four-node rectangular element,

184–185
Four-node tetrahedral element,

188–190
Free meshing, 374
Free vibration, 389
Frequency equation, 395, 417
Friction force, 45
Frontal solution method, 470–472
Function

admissible, 132
forcing, 452
potential, 304
Prandtl’s stress, 376, 377
stream, 298–304

Fundamental frequency, 396

G
Galerkin finite element 

method, 140–148, 285
Galerkin’s weighted residual 

method, 133–139
Garbage in, garbage out, 10
Gases, 295
Gauss elimination, 465–467
Gauss points, 207
Gaussian quadrature, 206–213
Gauss-Jordan reduction, 453
Gauss-Legendre quadrature, 206
General structural damping, 427–432
General three-dimensional beam

element, 120–124
Generalized displacements, 420
Generalized forces, 422
Geometric interpolation 

functions, 195

Geometric isotropy
brick element, 192
complete polynomial, 174
h-refinement, 176
incomplete polynomial, 174
mathematical function, 174
rectangular element, 184
triangular element, 178
two-dimensional conduction with

convection, 240
Geometric mapping matrix, 351
Global capacitance matrix, 279
Global coordinate system, 21
Global damping matrix, 428
Global displacement notation, 54
Global stiffness matrix, 58, 61–67
Green-Gauss theorem, 238
Green’s theorem in the plane, 238
Guyan reduction, 442

H
Half-symmetry model, 254
Harmonic oscillator, 387–393, 412
Harmonic response, 417
Harmonic response using mode

superposition, 422–424
Heat transfer, 222–292

axisymmetric, 271–276
mass transport, with, 261–266
one dimensional conduction with

convection, 227–235
one-dimensional conduction

(quadratic element), 222–227
three-dimensional, 267–271
time-dependent, 277–285. See also

Time-dependent heat transfer
two-dimensional conduction with

convection, 235–261. 
See also Two-dimensional
conduction with convection

Hermite polynomials, 214
Higher-order isoparametric 

elements, 201
Higher-order one-dimensional

elements, 170–173
Higher-order rectangular 

element, 186–187
Higher-order tetrahedral 

elements, 190
Higher-order triangular elements, 182
Historical overview, 11–12
Hooke’s law, 34
h-refinement, 164
Hydrostatic stress, 370
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I
Identity matrix, 448
Incomplete polynomial, 174–175
Incompressible flow, 293
Incompressible flow analysis. 

See Fluid mechanics
Incompressible viscous 

flow, 314–323
Inertia coupling, 417
Initial conditions, 280, 388, 391
Integration step, 8
Interelement boundaries, 145
Interior nodes, 2
Internal heat generation 

(two-dimensional heat 
transfer), 259–261

Interpolation, 3
Interpolation functions, 3, 163–221

axisymmetric elements, 202–206
brick element, 191–193
C0-continuity, 163
compatibility, 165
completeness, 166
geometric isotropy. 

See Geometric isotropy
higher-order one-dimensional

elements, 170–173
isoparametric formulation, 193–201
mesh refinement, 164–165
numerical integration (Gaussian

quadrature), 206–213
polynomial forms (geometric

isotropy), 174–176
polynomial forms (one-dimensional

elements), 166–173
rectangular elements, 184–187
tetrahedral element, 188–190
three-dimensional

elements, 187–193
triangular elements, 176–183

Inverse of a matrix, 177, 451–454
Inverse of the Jacobian matrix, 199
Inviscid, 294
Irrotational flow, 297
Isoparametric element, 196
Isoparametric formulation, 193–201
Isoparametric formulation of plane

quadrilateral element, 347–356
Isoparametric mapping, 196

J
Jacobian, 350
Jacobian matrix, 199, 200, 349

K
Knight, Charles E., 473

L
Lagrangian approach, 417
Lagrangian mechanics, 412
Lagrange’s equations of motion, 412
Lanczos method, 443
Laplace’s equation, 298, 304
Least squares, 132
Legendre polynomials, 214
Line elements, 131
Line source, 259
Linear elastic spring, 20
Linear spring as finite 

element, 20–31
Link element, 19
Liquids, 295
Load-deflection curve, 20
Local coordinate system, 20
Lower triangular matrix, 467
LU decomposition, 467–470
Lumped capacitance matrix, 278
Lumped mass matrix, 407

M
Magnitude of gradient discontinuities

at nodes, 145
Many degree-of-freedom 

system, 398–402
Mapped meshing, 374
Mapping, 195
Marching, 280, 285
Mass, 437
Mass matrix, 390
Mass matrix for general element

(equations of motion), 412–418
Mass transport, 261–266
Master degrees of freedom, 443
Material property matrix, 459
Matrix. See also Matrix mathematics

capacitance, 278, 279
coefficient, 452
cofactor, 452
column, 447
conductance, 240–242
consistent mass, 404
damping, 428
defined, 447
diagonal, 419, 420, 448
geometric mapping, 351
identity, 448
inverse of, 177, 451–453

Jacobian, 199, 200, 349
lower triangular, 467
lumped mass, 407
mass, 390
material property, 459
modal, 419
nodal acceleration, 390
null, 448
order, 447
row, 447
skew symmetric, 448
square, 447
stiffness. See Stiffness matrix
symmetric, 448
system mass, 394
upper triangular, 467
zero, 448

Matrix addition, 449
Matrix inversion, 177, 451–453
Matrix mathematics, 447–454

addition/subtraction, 449
algebraic operations, 449–450
definitions, 447–448
determinants, 450–451
matrix partitioning, 454
multiplication, 449–450
scalar algebra, contrasted, 450

Matrix multiplication, 449–450
Matrix partitioning, 454
Matrix subtraction, 449
Maximum shear stress theory 

(MSST), 369
Megapascal (MPa), 458
Mesh, 4
Mesh refinement, 164–165
Meshing, 4, 374
Mesh-refined models, 374
Method of weighted residuals 

(MWR), 131–162
application of Galerkin’s method to

beam element, 149–152
application of Galerkin’s method to

spar element, 148–149
convergence, 137–138
defined, 131–132
Galerkin finite element 

method, 140–148
Galerkin’s weighted residual 

method, 133–139
general concept, 132
one-dimensional heat 

conduction, 152–158
trial functions, 131, 138, 140
variations, 132–133
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Minimum potential 
energy, 44–47, 158

Minor, 450
Modal analysis, 387, 397
Modal matrix, 419
Modal superposition, 397, 399
Mode superposition, 422–424
Model definition step, 10
Modulus of elasticity, 458
Modulus of rigidity, 459
Molten polymers, 315
MPa, 458
MSC/NASTRAN, 12, 18
MSST, 369
MWR. See Method of weighted

residuals (MWR)

N
N degree-of-freedom system, 402
NASTRAN, 12
Natural circular frequency, 389
Natural convection, 227
Natural coordinates, 185, 186
Natural frequency, 392
Natural modes of vibration, 387, 443
Navier-Stokes equations, 315
Net force, 21
Neutral surface, 92
Newmark method, 432–434
Newton’s law of viscosity, 294
Newton’s second law

bar elements, 402
linear spring, 22
multiple degrees-of-freedom

systems, 394
simple harmonic oscillator, 388

No slip condition, 294
Nodal acceleration matrix, 390
Nodal displacement correspondence

table, 62
Nodal displacements, 21
Nodal equilibrium equations, 53–58
Nodal free-body diagrams, 55
Nodal load positive convention, 102
Node, 2
Noncircular shaft sections, 486
Nonconservative force, 45
Nonhomogeneous boundary 

condition, 29
Normal strain, 455–456
Normalized coordinates, 185
Null matrix, 448
Numerical integration (Gaussian

quadrature), 206–213

O
Octahedral shear stress theory 

(OSST), 371
One dimensional conduction with

convection, 227–235
One-dimensional conduction 

(quadratic element), 222–227
One-dimensional heat 

conduction, 152–158
One-dimensional wave equation, 403
Order (matrix), 447
Orthogonality, 418
Orthogonality of principal 

modes, 418–421
Orthonormal, 419
OSST, 371
Overdamped, 426, 427
Overview of book, 16–17

P
Parent element, 195
Partitioning (matrix), 454
Pascal pyramid, 175
Pascal triangle, 174, 175
Period of oscillation, 392
Phase angle, 389, 391
Plane quadrilateral element, 347–356
Plane strain (rectangular 

element), 342–347
Plane stress, 328–342

assumptions, 328
distributed loads/body face, 335–342
finite element formulation 

(CST), 330–333
stiffness matrix evaluation, 333–335

Plate bending, 372–373
Point collocation, 132
Poisson’s ratio, 458
Polynomial forms

geometric isotropy, 174–176
one-dimensional elements, 166–173

Polynomial trial functions, 138
Postmultiplier, 449
Postprocessing, 11
Potential function, 304
Practical considerations

solid mechanics, 372–375
structural dynamics, 424–443

Prandtl’s stress function, 376, 377
p-refinement, 164
Premultiplier, 449
Preprocessing, 10
Principal planes, 369

Principal stresses, 369
Principle of conservation of 

energy, 153
Principle of conservation of mass, 295
Principle of minimum potential 

energy, 44–47, 158
Product (matrices), 448
Pure rotation, 296

Q
Q/2, 254
Q/4, 253
Quadrilateral element, 194–196
Quarter-symmetry model, 253
Quick-change coupling, 486

R
Radial strain, 357
Ratio

amplitude, 396
aspect, 194
damping, 426
Poisson’s, 458

Rayleigh damping, 430, 432
Reaction equations

stream function, 303
two-dimensional conduction with

convection, 241, 254
Rectangular elements, 184–187
Rectangular parallelopiped (brick

element), 191–193
Recurrence relation, 8
Reduced eigenvalue problem, 443
Refined finite element mesh, 4
Residual error, 132
Resonance, 393
Resonant frequency, 393
Right-hand rule, 238
Rotational flow, 297
Row matrix, 447
Row vector, 447

S
Sampling points, 207
Second-order differential equation, 388
Serendipity coordinates, 185
Shape functions. See Interpolation

functions
Shear modulus, 459
Shear strain, 455–456
Simple cantilever truss, 51–52
Simple harmonic 

oscillator, 387–393, 412
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Singular, 22, 452
Six-node quadratic triangular 

element, 319
Six-node triangular element, 181–182
Skew symmetric matrix, 448
Software packages. See Computer

software
Solid mechanics, 327–386. 

See also Stress
automeshing, 374–375
axisymmetric stress 

analysis, 356–364
DET, 369–371
failure theories, 369–371
general three-dimensional stress

elements, 364–368
isoparametric formulation of plane

quadrilateral element, 347–356
MSST, 369
OSST, 371
plane strain (rectangular 

element), 342–347
plane stress, 328–342
practical considerations, 372–375
strain/stress computation, 368–372
torsion, 375–382

Solution, 476–487
Solution convergence. See Convergence
Solution phase, 10–11
Solution techniques for linear algebraic

equations, 463–472
Cramer’s method, 463–465
frontal solution, 470–472
Gauss elimination, 465–467
LU decomposition, 467–470

Spar element, 19
spar element stiffness matrix, 121
Sparse, 470
Spring constant, 20
Spring rate, 20
Spring stiffness, 20
Spring-mass system, 394–402
Square matrix, 447
Static condensation, 442, 454
Stiffness matrix

element, 21–22
flexure element, 98–101
global, 58, 61–67
spar element, 121
system, 25
xy plane flexure, 121
xz plane bending, 121

Stiffness method, 52
Stokes flow, 315–321

Strain, 4
Strain energy, 38–39
Strain energy density, 39
Strain energy per unit volume, 39
Strain/stress computation, 368–372
Stream function, 298–304
Streamlines, 298
Stress

equivalent, 370
hydrostatic, 370
plane, 338–342
principal, 369
von Mises, 370

Stress analysis. See Solid mechanics
Stress stiffening, 114
Stress vector, 460
Structural damping, 428
Structural dynamics, 387–446

bar element mass matrix 
(two-dimensional truss 
structures), 434–441

bar-element-consistent mass 
matrix, 402–407

beam elements, 407–412
energy dissipation (structural

damping), 424–432. 
See also Damping

harmonic response using mode
superposition, 422–424

mass matrix for general element
(equations of motion), 412–418

multiple degrees-of-freedom
systems, 394–402

Newmark method, 432–434
orthogonality of principal 

modes, 418–421
practical considerations, 442–443
simple harmonic oscillator, 387–393
transient dynamic 

response, 432–434
Subspace iteration, 443
Superposition procedure, 25
Symmetric matrix, 22, 448
Symmetry

incomplete polynomial, 174–175
matrix, 448
simplification of mathematics of

solution, 252
stiffness matrix, 22
two-dimensional conduction with

convection, 253–254
System mass matrix, 394
System stiffness matrix, 25
System viscous damping matrix, 428

T
Tapered cylinder, 4–6
Ten-node tetrahedral element, 188
Tensile stress, 113
Tetrahedral element, 188–190
Theory of continuum mechanics, 461
Theory of thin plates, 372–373
Thin curved plate structures, 373
Three-dimensional elements, 187–193
Three-dimensional heat 

transfer, 267–271
Three-dimensional stress 

elements, 364–368
Three-dimensional trusses, 79–83
Three-node triangular 

element, 178–179
Time step, 279, 285
Time-dependent heat transfer, 277–285

capacitance matrix, 278, 279
finite difference method, 279–285

Torque, 377–378
Torsion, 375–382
Torsional finite element notation, 122
Total potential energy, 45
Transient dynamic response, 432–434
Transient effects. See Time-dependent

heat transfer
Translation, 297
Transpose, 447–448
Trial functions, 131, 138, 140
Triangular axisymmetric element, 203
Triangular elements

area coordinates, 179–181
constant strain triangle (CST), 179
integration in area 

coordinates, 182–183
interpolation functions, 176–183
six-node triangular element, 181–182

Truss element, 19
Truss structures, 51–90

boundary conditions, constraint
forces, 67–68

comprehensive example, 72–78
defined, 51
direct assembly of global stiffness

matrix, 61–67
direction cosines, 61
element strain and stress, 68–72
element transformation, 58–61
nodal equilibrium equations, 53–58
3-D trusses, 79–83

Twenty-node tetrahedral element, 188
Two degree-of-freedom system, 395
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Two-dimensional beam (flexure
element), 94–98

Two-dimensional conduction with
convection, 235–261

boundary conditions, 240–253
conductance matrix, 240–242
element resultants, 254–259
finite element formulation, 236–240
internal heat generation, 259–261
reaction equations, 241, 254
symmetry conditions, 253–254

Two-dimensional quadrilateral 
element, 195

Two-point recurrence relation, 280

U
Unconditionally stable, 434
Underdamped, 426, 427

Unit impulse, 260
Upper triangular form, 466
Upper triangular matrix, 467

V
Variational principles, 417
Velocity potential function, 304–314
Viscosity, 293–295
Viscous flow with inertia, 321–323
Volume coordinates, 188–189
Von Mises stress, 370

W
Water, 294
Wave front solution, 470
Work equivalence (distributed 

loads), 106–114

X
xy plane flexure stiffness matrix, 121
xz plane bending stiffness matrix, 121

Y
Young’s modulus, 458

Z
Zero matrix, 448
Zones, 468


